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Abstract 

We show that for any block algebra B of a finite group over an algebraically closed field 
of prime characteristic p the dimension of HH n (B) is bounded by a function depending only 
on the nonnegative integer n and the defect of B. The proof uses in particular a theorem of 
Brauer and Feit which implies the result for n = 0. 

Let p be a prime and k an algebraically closed field of characteristic p. Let G be a finite group 
and B a block algebra of kG; that is, B is an indecomposable direct factor of kG as a fc-algebra. 
A defect group of B is a minimal subgroup P of G such that B is isomorphic to a direct summand 
of B ®fep B as a B-B-bimodule. The defect groups of B form a G-conjugacy class of p-subgroups 
of G, and the defect of B is the integer d(B) such that p d ^ is the order of the defect groups of B. 
The weak Donovan conjecture states that the Cartan invariants of B are bounded by a function 
depending only on the defect d{B) of B. As a consequence of a theorem of Brauer and Feit [3], 
the number of isomorphism classes of simple i?-modules is bounded by a function depending only 
on d(B). Thus the weak Donovan conjecture would imply that the dimension of a basic algebra 
of B is bounded by a function depending on d(B). This in turn would imply that the dimension 
of the term in any fixed degree n of the Hochschild complex of a basic algebra of B is bounded 
by a function depending on n and d(B); since Hochschild cohomology is invariant under Morita 
equivalences, we would thus get that the dimension of HH n (B) is bounded by a function depending 
on n and d{B). The purpose of this note is to show that this consequence of the weak Donovan 
conjecture does indeed hold. 

Theorem 1. There is a function f : No x No — » No such that for any integer n > 0, any finite 
group G and any block algebra B of kG with defect d we have 

dim k (HH n (B))<f(n,d) 

For n — this follows from the aforementioned theorem of Brauer and Feit [3], since HH°(B) = 
Z(B). Using Tate duality, the theorem above extends to Tate cohomology for negative n. A result 
of Kulshammer and Robinson [51 Theorem 1] implies that it suffices to show theorem [T] for finite 
groups with a non-trivial normal p-subgroup. We follow a slightly different strategy in the proof 
below, reducing the problem directly to finite groups with a non-trivial central p-subgroup. 

Remark 2. We make no effort to construct a best possible bound; we define the function / in 
theorem Q] inductively as follows: we set /(0, 0) = i, f(n,0) = for n > 0; for all d > 0, f(0,d) is 



i 



the largest integer less or equal to the bound \p 2d + 1 given in the Brauer-Feit theorem, and for 
n > 0, d > we set 

n 

f(n,d)=p-c(d)-Y, /M-l) 

i=0 

where c(d) is the maximum of the numbers of subgroups in any finite group of order p d . 

Let G be a finite group and U a fcG-module. We denote as usual by U the subspace of G-fixed 
points in U. If H is a subgroup of G then U G C U H , and there is a irace map tr£ : U H —> U G 
sending u G U H to 5Zae[G/fl1 xu > wnere [G/H] i s a se t of representatives of the B-cosets in G; 
one checks that this map is independent of the choice of [G/H] and that its image, denoted U§, is 
contained in U G . For Q a p-subgroup of G, we denote the Brauer construction of U with respect to 
Q by U(Q) — U®/ Y1r r<q ^r an< ^ by -^ r Q ■ ~~ * U(Q) the canonical surjection, called Brauer 
homomorphism. A block algebra B of fcG can be viewed as an indecomposable k(G x G)-module, 
with (x,y) G G x G acting by left multiplication with a; and right multiplication with y~ x . For 
H a subgroup of G, we denote by AH the 'diagonal' subgroup AH — {(h, h) \ h G ff} in G x G. 
In particular, the action of AG on B can be identified with the conjugation action of G on B. 
The Brauer construction applied to B with respect to AQ is canonically isomorphic to kCa{Q)c, 
where Q is a p-subgroup of G and c = BrAQ(ls)- A B-Brauer pair is a pair (Q,e) consisting 
of a p-subgroup Q of G and of a block idempotent e of kCo(Q) satisfying eBrg(ls) = e. The 
set of B-Brauer pairs is a G-poset in which the maximal pairs are all conjugate. The maximal 
B-Brauer pairs are exactly the B-Brauer pairs (Q, e) for which Q is a defect group of B. See [5] 
and [H §11, §40] for details. In what follows we use without further comment the canonical graded 
isomorphism HH*(B) = H*(AG;B); see [3 (3.2)]. The following result is certainly well-known 
but not always stated in exactly the form we need it; we therefore give a proof for the convenience 
of the reader. 

Proposition 3. Let G be a finite group, B be a block algebra of kG and Q a p-subgroup of G. Set 
b = \b and c — Brg(6). Suppose that c =/= and set Bq = kCc{Q)cb. Then we have a direct sum 
decomposition of kNcxciAQ) -modules 

such that multiplication by b is an isomorphism of kNQ X (j(AQ) -modules kCc{Q)c = Bq and such 
that Gq(AQ) = {0}. 

The proof we present here uses the following well-known lemma, which is a special case of 
expressing relative projectivity in terms of the splitting of adjunction maps (the general theme 
behind this is developed in [4], [5], for instance). 

Lemma 4. Let a : B — > A be a homomorphism of k-algebras. Suppose that B is isomorphic to a 
direct summand of A as a B-B-bimodule. Then a is infective and Im(a) is a direct summand of 
A as a B-B-bimodule. 

Proof. The left or right action of an element b G B on A is given by left or right multiplication 
with a(b). Let i : B — > A and it : A —> B be B-B-bimodule homomorphisms satisfying ir o l = 
Ids. Then l(1b) commutes with Im(a), the map /3 sending a G A to at(ls) is an A-B-bimodulc 
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endomorphism of A, and we have (3(a(b)) — a{b)b{\A) = t,(b), hence /3 o a = l. Thus tt o (3 o a = 
Ids, which shows that as a P-P-bimodule homomorphism, a is split injective with tt o ft as a 
retraction. □ 



Proof of Proposition^ For any block of kNc{Q) which appears in kNc(Q)c, the block B of kG is 
the corresponding 'induced' block. By [TJ §14, Lemma 1], kNc{Q)c is isomorphic to a direct sum- 
mand of B as a kNG(Q)-kNG(Q)-bimodu\e, and thus of cBc, as a kNG(Q)c-kNG(Q)c-bimodu\e. 
By lemma|31 multiplication by b induces an algebra homomorphism kNG{Q)c — > cBc which is split 
injective as a homomorphism of WVc(Q)c-fciV<3(<2)c-bimodules. Since kCa(Q)c is a direct sum- 
mand of kNc(Q)c as an Nq x g ( A Q)- module we get that kCc{Q)c = Bq and that Pq is a direct 
summand of B as an iVG X G(A<5)-module. Moreover, B(AQ) = Pq, and hence any complement 
Cq of Pq in P, as an iVG X G(AQ)-module, satisfies Cq(AQ) — {0}. □ 

We will make use of the following well-known fact on transfer in cohomology (we include a 
short proof for the convenience of the reader). 

Lemma 5. Let G be a finite group, H a subgroup of G and V a kH -module. Let U be a direct 
summand o/Ind|(V r ). Then H*(G;U) = trg(i?*(if;Res£(t/))). 

Proof. By Higman's criterion there is a fcJf-endomorphism <p of U such that Idjj — tr^((p). Let 
n > and let £ : f2™(fc) — J> U be a fcG-homomorphism, representing an element in H n (G; U). Then 
£ = Idy o ( = tTff((f o C), whence the result. □ 

This is applied in the following situation: 

Lemma 6. Let G be a finite group, B a block algebra of kG and P a defect group of B. We have 
H*(AG;B) = tT%%(H*(AP;B)). 

Proof. As a k(G x G)-module, B has vertex AP and trivial source, thus is isomorphic to a direct 
summand of Ind^p G (fc). Mackey's formula shows that Res^g G (-B) is still relatively AP-projective, 
hence lemma [5] implies the result. Alternatively, this follows from the fact that b — 1b can be 
written as a relative trace of the form b = Tr^p(j/) for some y G B AP . □ 

Proposition 7. Let G be a finite group and B be a block algebra of kG. Set b — 1b and for 

every B-Brauer pair (Q,e) set P(Q. e ) = kCG(Q)eb. Then P(Q !e ) is a direct summand of B as a 
fc(C(;(Q) x Cg(Q))AQ- module, isomorphic to kCG(Q)e. In particular, P*(AQ; P(Q. e )) is a direct 
summand, as a graded vector space, of H*(AQ; B), and we have 

H*(AG;B)=J2 tri G (P*(Ag;P (Q , e) )) 

(Q.e) 

where in the sum (Q,e) runs over a set of representatives of the G-conjugacy classes of B-Brauer 
pairs. 

Proof. The proof adapts techniques that have been used in the proof of a result of Watanabe [HI 
Lemma 1]. Clearly H*(AG;B) contains the right side in the displayed equation. We need to 
show that H*(AG; B) is contained in the right side. Since any summand of the right side of the 
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form tr^g(iJ*(AQ; B^q^) depends only on the G-conjugacy class of (Q, e) it suffices to prove the 
inclusion 

H*(AG;B) cJ2t^(H*(AQ;B Q )) 
Q 

where Q runs over the p-subgroups of G for which Br Q(b) ^ 0. Note that this makes sense since 
Bq is a direct summand of B as a /cAQ-module, hence H*(AQ; Bq) is a subspace of H*(AQ; B), 
to which we then apply the transfer map tr^g. Since H*(AG; B) = ti^p(H*(AP; B)) by lemma 
[5] it suffices to show that the right side contains ti^(H*(AR; Bj) for any p-subgroup R of G. 
This will be shown by induction. For R = {1} this holds trivially because -B{i} = B and G{ij = 
{0}. For R ^ {1} we have a direct sum decomposition B = Br © Cr of fciVG X G(Ai?)-modules as 
in proposition [21 and hence 

H* (AR; B) = H* (AR; Br) + H* (AR; Cr) 
Since C R (AR) = {0} we have 

H*(AR;C R )C tr**(H*(AS;B)) 

S;S<R 

by lemma [5j Applying the transfer map tr^ yields 

t^(H*(AR;C R ))C £ tr^(H*(AS;B)) 

S;S<R 

hence 

tr£%(H*(AR; B)) C t^(H*(AR- B R )) + £ ta£g(lT*(AS; B)) 

S;S<R 

The result follows by induction. □ 

Lemma 8. Let G be a finite group and B be a block algebra of kG. Set b = 1r and for every 
B-Brauer pair (Q,e) set -B(Q, e ) = kCc(Q)cb. For any integer n > we have 

dim k (ti^(H n (AQ;B [Q>e) ))) < dim k (H n (AQC G (Q);kQC G (Q)e)) 

Proof. Clearly dim fc (tr£§(iP (AQ; B (Q , e) ))) < dim fc (tr£g CG(Q) (LP (AQG G (Q); B W , o) ))). More- 
over, since -B(Q, e ) — kCq(Q)e is isomorphic to a direct summand of kQCG(Q)e, the lemma fol- 
lows. □ 

Lemma 9. Lei G &e a finite group, B a block of kG and Z a subgroup of order p of Z(G). Set G = 
G/Z and denote by B the image of B in kG under the canonical algebra homomorphism kG — > 
kG. For any integer n > we have 



dxm k (H n (AG;B)) <p-J2 dim fc (iP(AG; B)) 



i=0 
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Proof. The Lyndon-Hochschild-Serre spectral sequence associated with G, Z, G and B endowed 
with the conjugation action of G reads 

H i (AG; W{AZ\ B)) => H i+J {AG; B) 

Since AZ acts trivially on kG, hence on B, we have H 3 (AZ; B) = H^{AZ\k) ®k B = B, where 
the last isomorphism uses that we have H 3 (AZ;k) = k because Z is cyclic. Thus H n {AG;B) 
is filtered by subquotients of H l (AG; B)), with < i < n; in particular, dimfc(iJ™(AG; B)) < 
Y^i=o dimfc(i? 4 (AG; B)). Let z be a generator of Z. As a fc AG-module, -B has a filtration of the 
form 

B D B{\ - z) D 5(1 - zf D ■ ■ ■ D B{1 - zf' 1 D {0} 

and since B is projective as a right fcZ-module, the quotient of any two consecutive terms in this 
filtration is isomorphic to B. Thus the appropriate long exact sequences in cohomology imply that 
dim fc (£P(AG; B)) < p ■ dim fc (iT(AG; B)), whence the result. □ 

Proof of Theorem\T\ Let / be the function defined in remark[2] Note that f(n,d) > f(n,d — 1) 
for all n > and all d > 0. Denote by c(d) the maximum of the numbers of subgroups in finite 
groups of order p d . As mentioned before, theorem [T] holds for n = 0. Clearly theorem Q] holds 
for d = because a defect zero block is a matrix algebra. Let n and d be a positive integers. 
Then tr£f (H n (l; B)) = {0}. Thus, by proposition [7] and lemma H] we have dim k (HH n (B)) < 
Y^fQ e ) dimk(HH n (QCc(Q)e)) where in the sum (Q,e) runs over a set of representatives of the 
G-conjugacy classes of non-trivial i?-Brauer pairs. Any such pair (Q, e) has a conjugate with Q 
contained in a fixed defect group P, and hence the number of summands in this sum is at most 
c(d). Moreover, Z(QCg(Q)) contains Z(Q), and hence QCg(Q) has a non-trivial central subgroup 
Zq of order p. After replacing (Q,e) by a suitable G-conjugate, we may assume that QCp(Q) 
is a defect group of e viewed as a block of kQCciQ); m particular the defect groups of e have 
order at most |P| = p d . Thus the defect groups of the image e of e in kQCo(Q) /Zq have order 
at most \P\/p = p d ~ l , hence dim k (HH n (kQC G (Q)/Z Q e)) < f(n,d- 1). It follows from lemma[9] 
that dimk(H H n (kQCa(Q)e)) < p ■ JZILo ^ — -0- Together with the above remarks we get the 
inequality dimk(HH n (B) < p ■ c(d) ■ Y^i=o ^ — 1) = f{ n i d)> as required. □ 

Remark 10. The strong version of Donovan's conjecture states that for a fixed integer d > there 
should be only finitely many Morita equivalence classes of blocks with defect at most d. If true, 
this would imply that there are only finitely many isomorphism classes of Hochschild cohomology 
algebras of blocks with defect at most d; this remains an open problem. 
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